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IDENTITIES CONCERNING BERNOULLI 
AND EULER POLYNOMIALS 



Zhi-Wei Sun and Hao Pan (Nanjing) 



Abstract. We establish two general identities for Bernoulli and Euler 
polynomials, which are of a new type and have many consequences. The 
most striking result in this paper is as follows: If n is a positive integer, 
r + s + t = n and x + y + z = 1, then we have 





' s t~ 




' t r~ 


+ t 


r s 


r 




+ a 








x y_ 


n 


.y z . 


n 


Z X 



where 

-i n 

It is interesting to compare this with the following property of determi- 
nants: 
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Our symmetric relation implies the curious identities of Miki and Matiya- 
sevich as well as some new ones for Bernoulli polynomials such as 

J2Q B k (x)B n _ k (x) = 2 J2 (DC k ) B ^)B n _ k . 

k=0 k=0 



1. Introduction 

Let N = {0, 1, 2, . . .} and Z+ = {1, 2, 3, . . . }. The well-known Bernoulli 
numbers B n (n e N) are rational numbers defined by 

S = 1 and J2 ( H t X ) B k = ( ne Z+ )- 
k=o ^ ' 



2000 Mathematics Subject Classification. Primary 11B68; Secondary 05A19. 

The first author is responsible for communications, and partially supported by the 
National Science Fund for Distinguished Young Scholars (no. 10425103) and a Key 
Program of NSF (no. 10331020) in China. 

1 



2 



Z. W. SUN AND H. PAN 



Similarly, Euler numbers E n (n E N) are integers given by 
£ = 1 and ^ (T)^ = (n E Z+). 



k=0 
2\n-k 



For n E N the Bernoulli polynomial B n {x) and the Euler polynomial 
E n (x) are as follows: 



«.(*) = £ (") and E nW = £ (") § (x - I) 

fc=0 V 7 fc=0 v 7 v 



n — k 



Clearly B n (0) = B n and E n (l/2) = E n /2 n . Here are some basic properties 
of Bernoulli and Euler polynomials we will need later. 

B n (l -x) = (-l) n B n (x), A(B n (x)) = nx n ~ x - 
E n (l -x) = (-l) n E n (x), A*(E n (x)) = 2x n . 

(The operators A and A* are defined by A(f(x)) = f(x + 1) — f(x) 
and A*(f(x)) = f(x + 1) + f{x).) Also, B' n+1 (x) = (n + l)B n (x) and 
E' n+1 (x) = (n + l)E n (x). 

For a sequence {a n } n6 N of complex numbers, its dual sequence {a n } n£ N 
is given by a* = J2k=o (k) (~^-) ha k (n EN). It is well known that a** = a n . 
In 2003 Z. W. Sun [S2] deduced some combinatorial identities in dual 
sequences. The sequences {(— l) n B n } ne ^ and {(— l) n E n (0)} ne ^ are both 
self-dual sequences (cf. [S2]), later we will make use of this fact. 

In 1978 H. Miki [Mi] discovered the following curious identity: 

2 B k B n - k \^{n\B k B n _ k B n 



\ ^ J->kJ->n-k _ \ ^ / I ^k-^n-k _ r, tt 



for every n = 4, 5, ... , where H n = 1 + 1/2 + h 1/n. In 1997 Y. 

Matiyasevich [Ma] found another identity of this type: 



n-2 n-2 , g\ 

(n + 2) B k B n - k - 2 ( H k ) B k B n _ k = n(n + l)B r 



k=2 k=2 



for any n = 4, 5, . . . . These two identities are of a deep nature. In fact, 
all known proofs of these identities by others are complicated (cf. [Mi], 
[G] and [DS]); for example, the approach of G. V. Dunne and C. Schubert 
[DS] was even motivated by quantum field theory and string theory. 
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Recently the authors [PS] presented a new method to handle such 
identities. Though their approach only involves differences and deriva- 
tives of polynomials, they were able to use the powerful method to ex- 
tend Miki's and Matiyasevich's identities to identities concerning the sums 
Y2=o B k( x ) B n-k(y) and 

E 1 B k (x) B n _ k (y) 1 Z-^ Bu(x) „ . . 1 Z—^ Bi(y) „ , . 
_ky_ . kyy) = _ J±± Bn _ k (y) + - £ -JflB^x) 
k n — k n k n I 

k=l k=l 1=1 

(where n is a positive integer). They also handled similar sums related to 
Euler polynomials. 

Let n be any positive integer. As usual, (^) = z(z — l)---(z — n+l)/n\ 
(and (q) = 1) even if z N. Observe that 

n n ,_ x 

J2Bk(x)B n _ k (y) = J2(-l) k ( k )B k (x)B n . k (y) 

k=0 k=0 ^ ' 



and 



fc=i fc=i v / 

= }™ ^ ( - 1)fc (D Sfc(x)jBn - fc(y) - 
fc=i ^ ' 

Inspired by this observation, here we investigate relations among the sums 

B- 1 >*Q(„-*) , w*w-*&'> 

with P,Q e {B, E}. 

Our central result is the following theorem. 

Theorem 1.1. Let n G Z + and £ + y + z = 1 . 

(i) Ifr + s + t = n — 1, then 

- (- 1 )"E(- 1 )' I (l) („! ^to^M (1.1) 
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(ii) If r + s + t = n, then we have the symmetric relation 

= 
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(1.2) 



where 



s t 
x y 



■= £ (_1)fe CD ( n -k) Bn - k{x)Bkiy) - (L3) 
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Remark 1.1. It is interesting to compare (1.2) with the following property 
of determinants: 

r s t 
= r s t 

z x y 

In view of K. Dilcher's paper [D], the referee thought that Theorem 1.1 
might have a generalization involving sums of products of m Bernoulli or 
Euler polynomials. But we are unable to obtain a compact extension of 
Theorem 1.1 though we have made a serious attempt. 

Corollary 1.1. Let n G Z + and let a,x,y be parameters. Then 



a + n + 1 



n-l 

E 

fc=0 



a + k 
k 



E k (x)E n - 1 - k (y) 



E 



fc=0 



a + n + 1 

k 



(-l) n - k B k (x) - 



a + n — k 
n — k 



B k {y) ) E n - k (x - y) 
(1.4) 



and 



< a + viL( a + n k + 2 ) (-V n - k B k (x)B n . k (x - y) (1.5) 

i — n \ / 



+ E 

fc=0 



a + n + 2\/a + n — k 



k 



n — k 



B k (y)B n - k {x - y). 



Proof. Let x' = 1 — x and z' = x — y. Then x' + y + z' = 1. Applying 
Theorem 1.1 (i) with r = a + n + 1, s = — 1 and t = —a — 1 we then get 
(1.4). (Note that (-l) fc (" fc z ) = ( 2+ fc -1 ).) By Theorem 1.1(h), 

-1 -oj-1' 
1 — a; y 

-a — 1 a + n + 2 



(a + n + 2) 



y 



x-y 



+ (oj + 1) 



a + n + 2 -1 
x — y 1 — X 
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This is an equivalent version of (1.5). □ 

Remark 1.2. (1.5) in the case a = x = y = yields Matiyasevich's identity 
since B 2 i+i = for I = 1, 2, 3, 

Corollary 1.2. Let n > I ^ be integers. Then 
n — I + 1 fn\ f n \ „ , „ 

—2— e yu +z -ij^(^-^) 

(1.6) 

= E (fc) (fe + /) ((-l) n - fc ^W - B k+l (y)) E n _ k (x - y) 
(where o"/ >m ta/ces 1 or according to whether I = m or not), and 



Ey(, +i )^wB.-,w 



fc=0 



E (fc) ^ t + Z ((-!) n - fci W*) + **+«(*)) 5n-,(x - y). 

(1.7) 



in particular, 

(n + l)(n + 1 — /) f n\ f n 



E (*)(*+?_ 



(1.8) 



fc=0 

and 

-2 



S(*)G+i) B * +,WB "- tW 

2 ^ e (?)(*::: W)*-.. 



?i — / f—' \k J \ k + 1 

fc/n-l 



(1.9) 



Proof. As (/ — n — 1) + n + n = (n + I) — 1 and (1 — x) + y + (x — y) = 1, 
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by Theorem 1.1 (i) we have 

n+l 



l-n-1 
k 



n-ti , 

'■— o v 

■ii-t-i , 

(-ir + TH)i 
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fc=0 
n—5i 



n + I — k 

l-n-1 
k 



B k (l - x)E n+l _ k (x - y) 



n 



B k (y)E n+ i- k (x - y) 
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k J \n + I — 1 — k 



n + I — k / 

£'fc(y)-E'n+/-i-fe(l - x) 



E (hI-i)^! 1 - 



which can be reduced to (1.6). (1.8) follows from (1.6) in the case y = x 
since ((-l) m - l)E m (0) = 4(2 m+1 - l)B m+1 /(m + 1) for m = 1, 2, 3, . . . . 
(It is known that (m+l)£? m (x) = 2( J B m+1 (x) -2 m+1 B m+1 (x/2)) (cf. [AS] 
and [SI]).) 

In light of Theorem 1.1(h), 
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= 0. 



n+l 



This is equivalent to (1.7). In the case y = x, (1.7) gives (1.9) because 
((-l) m + l)B m = 2B m form = 0,2, 3,.... □ 

Remark 1.3. Putting / = and x = 1/2 in (1.8) and noting that B k (l/2) = 
(2 1_fc — l)B k (see, e.g., [AS] and [SI]), we then get the following identity: 



(n+l) 
8 
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-E 

fe=0 
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fc=0 
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k \k + 1 



E k E. 



n—l — k 



n + 1 \ (n + k \ „„_ krok _ 1 lUon _ fc+1 



k 



n 



2 „-* (2 *-i _ 1 )( 2 «-*+i _ l)S fcJ B n _ fc+1 



for any n G Z + . Similarly, (1.9) in the case I = x = yields the following 
new identity: 



n-2 / \ 2 
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k-^n—k 
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for every n = 4, 5, . . . . 

The following theorem can be deduced from Theorem 1.1 



2n - 1 
n — 1 



B r 



IDENTITIES CONCERNING BERNOULLI AND EULER POLYNOMIALS 7 



Theorem 1.2. Let /, m, n E Z+ ; / ^ min{m, n} and x + y + z = 1. TTien 

+ E (?) fc )s m -i + * + i(y)s»-*W (1.10) 



and 



- (-^ E (7) ( n "J" fc )sm-*(y)K-z + *W (i.ii) 

(-d- 1 - 1 ? E (jf',*" 1 )^)^-^)- 



fc=0 v 7 x 7 

+ (-l) Z ^E J Z _! )B m -i + k(y)B n . k (z) (1.12) 
fc=0 ^ 7 ^ 7 

E(-!)"(7) (,! fc )5»- I+ *(i)B m -*d/). 



/ 

mn 



Corollary 1.3 (Woodcock [W]). Let m,n G Z + . TTien 

m E ( jfe J (-l) fc 5 m _ fc B n _i +fc = - E ( jfc J (-!) fc5 n-fcS m _ 1+fc . 
fc=i ^ 7 fc=i v 7 



Proof. Simply take x = y = and Z = z = 1 in (1.12). □ 
From Theorem 1.1 we can also deduce the following result. 
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Theorem 1.3. LetnEZ + , and let t, x,y, z be parameters with x+y+z 
1. Then we have 

(-l) n ^ ft 



2 

k=0 



fc=0 v 7 v 7 fc=0 v 7 

(1.13) 

and 

v 7 fc=0 V 7 V 7 fc=0 

fc=i v 7 fc=i v 7 

(1.14) 

(-i)^ p - n £ / B >| _BM(t-i\^_L_ 

n \n-l) f^ \kj t-k n kyy} n Xn-lJ^t-k 

fc=i v 7 fc=i v 7 

(1.15) 

Corollary 1.4. Let n G Z+ and x + y + z = 1. Then 

71 + 1 



fc=0 

n-1 



(1.16) 



2 

£=0 



£(-l)^(*)£»-i-i(v), 



fc=i ^ 7 fc=i 



2 

£=0 



( i)- ^ Q^)^^) _ # n £ n (*) 



(1.17) 



and 



(-D-Eft^w^+EC*: 1 )^^) 

7 (1.18) 



fc=0 x 7 fc=0 

n 



= (n + 1) £(-l)***Mfl B _ fc (z) + (1 - ff»)(n + l)B n (z). 
k=l 
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Proof. Taking t = — 1 in Theorem 1.3 we immediately get (1.16)-(1.18). □ 
Corollary 1.5. Let n G Z + and x + y + z = 1. Then 

\ EVi)*- 1 ^^-!-^) + gnzl|izlfr) 

k=1 1 (1.19) 

fe=i v 7 fc=i v 7 

and 

^/n-l\g fc (x) S w (z) + (-l)"Bn(y) 

fc=i v 7 

fc=l fe=l v 7 

(1.20) 

We also have 

t(lZ J) ( B n-M + {^YBn- k {z)) 

h — '\ ^ 7 

: (i.2i) 

~V( l)n-fc g *(y) . g "-fc(*) _ g>t _ i ^(y) + (-l) n i?n^) 

f-^ k n — k n 

k=i 

Remark 1.4. In the case x = y = and z = 1, (1.21) yields Miki's identity. 

The next section is devoted to proofs of Theorems 1.1 and 1.2. Theorem 
1.3 and Corollary 1.5 will be proved in Section 3. 

2. Proofs of Theorems 1.1-1.2 

Lemma 2.1. Let P(x), Q(x) G C[x] where C is the field of complex num- 
bers. 

(i) We have 

A(P(x)Q(x)) = P(x + l)A(Q(x)) + A(P(x))Q(x) (2.1) 

and 

A*(P(x)Q(x)) = P(x + l)A*(Q(x)) - A(P(x))Q(x). (2.2) 

(ii) If A(P(x)) = A(Q(x)), then P'{x) = Q'(x). If A*(P(x)) = 
A*(Q(x)), then P{x) = Q(x). 

Proof. The first part can be verified easily. Part (ii) is Lemma 3.1 of 
[PS]. □ 

The following lemma has the same flavor with Theorem 1.1 of Sun [S2]. 
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Lemma 2.2. Let {cii}f^ be a sequence of complex numbers, and {a ; *}^ 
be its dual sequence. Set 

Mt) = E (/) i- 1 ) 1 ^' 1 <™d AUt) = E (*) (-l)'aff*-' (2.3) 
for k = 0, 1, 2, ... . Let n G Z + 7 r + s + t = n — 1 and x + y + z = 1. Then 

g(-i)*Q,»-'(( re :,)^fe)-(-ir( n l,)^w) =o. (2.4) 

Proo/. By Remark 1.1 of Sun [S2], 

(-1)^) = + y) = E (*)^"^(y)- 



Therefore 



where 



fc=0 \ / \ 

=E(l)* n ~^) c < 

? (I - D (n - Jfe) = ( r n -7 ') (by Vand ™ de ' s identit ^ 



Q = 

Thus (2.4) follows. □ 

Remark2.1. If we let a t = (-l) l Bi for / = 0, 1, 2, . . . , then A k (t) = A%{t) = 
B k (t). Also, A k (t) = A%{t) = E k {t) if ai = (-1)^(0) for / = 0, 1, 2, ... . 

Proof of Theorem 1.1. We fix y and view z = 1 — x — y as a function in 
x. 
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(i) Set 



(*)■ 



Then, by Lemma 2.1, A*(P(x)) coincides with 



fc=0 
n 



A*(B k (x)E n _ k (z)) 



k=o \ / \ n / 



where 



Applying Lemma 2.2 and Remark 2.1 we obtain that 

A*(P(x)) =2(-l)» £(-1)* Q ( n * ^ (z - l) n - k B k (y) 

+'-E(-i)'C)(„_L>"- 1 - ,£ '» 

It follows that A*(P(x)) = A*(Q(») where 

Q(x) =(-±T £(-!)* Q ( n 1 fc ) 5 fe (y)E n _ fe (,) 

+rz;Vi) i (;)( n j 1 _J^--i-^ 



Thus P(x) = Q(x) by Lemma 2.1. This is equivalent to the desired 
(1.1). □ 
(ii) Set 



Pn(x) = 



r s 

Z X 



= E(-i)'0(„l t )*w^w- 
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By Lemma 2.1, 

A(B k (x)B n _ k (z)) =A(B k (x))B n - k (z)+B k (x + l)A(B n - k (z)) 

=kx k - 1 B n . k (z) - (n - k)B k {x + l)(z- l)^- 1 

for every k = 0, 1, . . . , n. Thus 

A(P n (x)) = rR(x) - s E(-!) fc Q („ l~ k ]_ ^B k (x + l)(z- I)"-"- 1 
where 

=( -1 )" (() (n -~1 - / ) iI "" 1 "' B '( z )- 



Applying Lemma 2.2 and Remark 2.1 we obtain that 
A(P„(x)) = - r £(-!)' Q Q ^ [_ ^jx^Btiy) 



1=0 

n-l 



It follows that A(P n (x)) = A(Q n (x)) where 

= - r - t E(-i)' (j) ( n 1 ,) *»-i(*Wv) 



z=o 

n-l 



=-rf(-i)'(;)(/>-(^fe) 



Thus = Q n (» by Lemma 2.1. 
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Observe that P^(x) coincides with 



- Ec- 1 )* (l) („ ! k ) <« - *)B t (x)B„- t -,(^; 



n-l 



fc=0 
n-l 



= £(-!)*+! 



fc+lAra-l-Jfe 



(fe + l)Sfc(x)B n _i_ fc (z) 



s 

n — k 



(n - fc) J B fc (x) J B n _i_ fc (^) 



= ^ o (_1)fc_1 (l) (n - 1 - Jfe) (r " * + (S " 71 + k + ^^Bn-i-kiz) 



= {t-l) 
and 



r s 

z x 



n-l 



Q'Jx) = " r £(-!)'(*) ( n 1 ( * ^jB n - l -i(x)B l (y) 





s t-1 




t-1 r 
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Thus the equality P^x) = Q' n (x) gives that 





's t'~ 




~t' r~ 


+ f 
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+ s 
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y z . 
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z a; 



J n-l 



where t' = t — 1 = n — 1 — (r + s). Replacing n — 1 by n we then obtain 
the required identity (1.2). This concludes the proof. □ 

Proof of Theorem 1.2. Clearly n = m + n — l G Z + . By Theorem 1.1 (i), 



=^E(-D' 



fc=0 



k ) \n — k 



)E k {y)En_ k {x). 
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That is, 

fc=0 v / \ / 

- D-d* (, + "i'-*)(l) B ^-^ B 'W 

=(-i) m_1 |E(- 1 )' ! (X) (("^^-kW^-^w. 

Therefore (1.10) follows. By Theorem 1.1 (i) we also have 

D-D<I)0^)W-M 

A:=0 \ / \ / 

=?E(- 1 )fl(. + ,-M-J^- 

fc=0 \ / \ / 

which gives (1.11) after few trivial steps. 
In light of Theorem l.l(ii), 



m 


n 




n 


-i~ 


+ n 


—I m 






= m 
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y . 
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n 


Z X 



n 



That is, 

' £ ( " 1)m "* (l) (n -"+ it) B n->+*( x ) B <»-M 

+«D- i ) s -*( s :',)(r)^(^-,w. 

This is equivalent to (1.12). We are done. □ 
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3. Proofs of Theorem 1.3 and Corollary 1.5 
Lemma 3.1. Let n be a nonnegative integer and s be a parameter. Then 



lffs + t\ (s 
lim - 



t->o t \ \ n ) \n ) ) \n ) s — l 



E A ("J 



In particular, 

1 / ft - 1 



&3T „ I - (-1)" ) = (-i)-^- (3-2) 



Proof. Observe that 



" M n s -^=(:) n fi+ ' 



n J \nj - L - L s — l \nj - L - L V s — l 

So (3.1) follows. In the case s = —1, (3.1) turns out to be (3.2). □ 
Proof of Theorem 1.3. (1.1) in the case s = — 1 yields that 



E^.i.^- 1 -'^'^- 



n — t 



2 



For each fe = 0,l,...,nwe clearly have 

'n-t\( t \ fn\ f t\ (n -t){n - t - 1) • • • (n - t - k + 1) 



k J \n — k J \kj\nj (t — n + k) ■ • • (t — n + 1) 

= (-l) fc (^H t ~ U . 
K ' \kj\njt-n + k 

Therefore 



16 



Z. W. SUN AND H. PAN 



This proves (1.13). 

Now we come to prove (1.14) and view s = n — 1 — r — t as a function 
in r. In light of (1.1), 



5g(- 1 )'C)(„-i->'^-«W 



n — k 



B k (y) 



=E^(r>^> 

(-i) n C) - 



*!=i 

+ (-lr^) 

By Lemma 3.1, 
lim-f(-l)' 



n — k 



B k ( x ) - (-iy 



t 

n — k 



B k {y) 



n) \n 



limi(( r+< 



n — 1 

Et 2 



z=o 



t-z 



As in the proof of (1.13), we also have 
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n-l\( t \ t-(n-l) 



I J \n - I J t - (n - 1) + / 
't\ (n - L 



n 



t + l - (n-l)\nj V I 

for every I = 0, 1, . . . , n — 1. Thus, by letting r — > we get from the above 
that 



n ft 



2 \n 
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1=0 



n-l\ Ei{y)E n -i-i(x) 



r-(-W)„ E 
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1 



1=0 

t \B k {y) 



t-l 



n — k J k 



which is equivalent to (1.14). 

Now we turn to prove (1.15). Let us view s = n — r — i as a function in 
r. Then 



lim 

r^O 
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n — t t 

x y 
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k=0 



n\ ( t\ t — n 



k J \nj t — n + k 



B n _ k (x)B k (y) 



=(-<)e(;)!§^). 
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On the other hand, 
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+ t 


r s 




J 


y z . 


n 


Z X 





=(n-0(-l)-E©^ 

k=0 v 7 



:(*) 



-<E 



fc=i 



n — A Bk(x) 



n — k j k 



B n _ k (z) + (-l) n B n (z)R 



where 



= lim 

■ r 



(n — t — r) 



n 



lim - ( t 



r + t-1 

n 



i im i(r +t - 1 

r^o r V V n 



t-1 



n 



n-l 

E 



t — 1 — Z 



(t-n) 

t-1 

n 

t 
n 



n 



n — t — r 
n 

:»-" 

n 

t-1 

n 



t 



n — l 1 

Et 2 



fc=l 



t - fc 



Applying (1.2) we then get (1.15) from the above. 
The proof of Theorem 1.3 is now complete. □ 

Proof of Corollary 1.5. We can easily get (1.21) by calculating the 
limitation of the left hand side of (1.15) minus the right hand side of 
(1.15) as t tends to 0. Thus it remains to show (1.19) and (1.20). 
(1.13) can be rewritten in the form 



(-!)• 



E 



fc=0 



n-l 

cii_(i) 

n — t n 



t-l\E k (x) 



k-1 



k 



E 



n-l- 



(-1)' 



l n ( \ 

B k (x)E n _ k (z) + [l)Bk(x)E n - k (z) 



k=0 



+ 



t ft-l\ (B n {y) 



n \n — 1 



+ E 



n\ E k (z) 
" x \k) t-k 



B n -k(y) 



Letting t — > we get that 



k=0 



„-l5n(v) _ ("I)' 



n 



■£„_i(y). (3.3) 



18 



Z. W. SUN AND H. PAN 



Thus 



fc=i v 7 



+ K:: 1 1 )x:(3^m- 



fc=i 

Letting t — > we then have 



fc=l fc=l V 7 

-^Jim B k (x)E n . k (z) + — — (-1) H n _x. 

Observe that 

lim n(V)-(n-t)(j;) = ^ ( (I) n ( V) " © 



t— o t(n-t) t^o\n-t n-t -t 



n\k) \k J ^ n — I \k J ^ n — l \k 

2=0 v 7 0<Z<fc 



Therefore 



fc=l fc=l v 7 



2 

n n ^-^ \k 

i — n \ / 



fc=0 

n 



= (-l)^ n _ 1 ^M - *2=I W "W)£»-*(*) 

n n ^ VV 

71 2=0 ^ 7 

= - H^^-E^iy) + { n ^jH k E k {z)B n . k {x). 

n k =o ^ 7 

This proves (1.19). 
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We can reformulate (1.14) as follows: 



-(-^wlC: 1 1 )|^ E -(-^C: 1 1 ) 



k=l 



k=l 



n — k I k 



In view of (3.3), 



^ fn- 1\ B k (x) ^ fn - 1\ Sfc(x) 

fc=l v 7 fc=l v 7 



= (-l) n l E^yl + E n-l(v)\ E n(z) 



n i n 



Therefore 



Kr-i)£(Y)f^«> 

v 7 fe=i 



k=i 

n—l (n — l—t\ (n—1 



\ ^ ( n-Jfc ) (n-fc) -Sfc(^) 77 / \ 

+ ^ —E n . k (z) 

k=i 

En-i(v) ( 1)n -iE n (z)\ ('--{)- (-l)- 1 
2 1 ' n 
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Letting t — > we obtain that 

n-l 



fn-l\E k (x) E n (z) 

fc=l v 7 
= ^(_l)*- lSfc ^ E n-k(z) 



fe n — fe 
fc=i 

n— 1 / -, \ / n— fc — 1 



fc=l v 7 v z=o 7 



+ ff „_ 1 |(zlirl B „_ l(!/) + ^W 



71 



It follows that 



fe=l v 7 fc=l 
fc=l v 7 



"//„ l( LJ ^/-.-, l(*H ^' 



n 



fc=i 

where 



~~ (ft _ l)^ -1 ^ " -^n-fc(^) + H n -iR 
I — 1 V / 



fc=i v 7 
= ^ (£»(*) + (-l) B B„(y)) (by (3.3)). 

This proves (1.20). We are done. □ 

Acknowledgment. The authors thank the referee for his/her helpful 
comments. 
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